Abstract. We develop a homotopy theory of categories enriched in a monoidal model category V. In particular, we deal with homotopy weighted limits and colimits, and homotopy local presentability. The main result, which was known for simplicially-enriched categories, links homotopy locally presentable V-categories with combinatorial model V-categories, in the case where has all objects of V are cofibrant.
Introduction
There is a fruitful interaction between enriched category theory and homotopy theory, of which the classical case is simplicial homotopy theory: the homotopy theory of simplicial model categories. Moreover, since Dwyer-Kan equivalences provide a suitable notion of a weak equivalence between simplicial categories, one can develop a homotopy theory of simplicial categories. In fact there is a model category structure on the category of small simplicial categories, in which the weak equivalences are the Dwyer-Kan equivalences [4] . This model category is Quillen equivalent to the model category of small quasicategories [5] . Dwyer-Kan equivalences and fibrations also make sense for large simplicial categories, and fibrant simplicial categories correspond to quasi-categories. In particular, the homotopy locally presentable simplicial categories introduced in [22] correspond to the locally presentable quasi-categories of [19] , in the sense of the following result from [22] . A fibrant simplicial category K is homotopy locally presentable if and only if it admits a Dwyer-Kan equivalence to the simplicial category Int M of cofibrant and fibrant objects in a combinatorial simplicial model category M. Dwyer-Kan equivalences and fibrations can be defined for V-categories over any monoidal model category V, and so one can ask whether there is a corresponding model category structure on the category V-Cat of all (small) V-categories. This question has been studied by various authors under various hypotheses [3, 19, 21] ; also particular examples have been studied, such as V = SSet [4] , V = Cat [14] , and V = 2-Cat [17] .
The aim of our paper is to introduce homotopy locally presentable V-categories, and to give a characterization analogous to that in the case of simplicial categories.
Just as the definition of (enriched) locally presentable categories [12] involves (weighted) limits and colimits, the definition of homotopy locally presentable categories involves weighted homotopy limits and colimits. We define these as weighted limits or colimits whose weight is cofibrant in the projective model structure. This emerges from a classical calculation of homotopy limits and colimits in simplicial model categories; see [10] for example.
In what follows, V will be a monoidal model category in the sense used in [19] ; in particular this means that the unit object I is cofibrant, rather than the weaker condition introduced in [11] . For such a V, there is a notion of model V-category, as defined in [11] . We also suppose that V is cofibrantly generated. We further suppose that V is locally presentable as a closed category, in the sense of [12] . For such a V, there is a notion of locally presentable V-category; see [12] again. Whenever we need the projective model category structure on [D, V], we have to assume either that V satisfies the monoid axiom of [24] , or that D is locally cofibrant, in the sense that all its hom-objects are cofibrant in V: see [25, 24.4] . Finally, we also need to suppose that there is a cofibrant replacement functor Q : V → V which is enriched. But in fact this last assumption, together with the earlier assumption that the unit is cofibrant, already implies that all objects of V are cofibrant-see Proposition A.1-and in this case D is automatically locally cofibrant, and indeed the monoid axiom follows from the assumption that V is a monoidal model category.
Thus we may summarize our assumptions by saying that V is a combinatorial monoidal model category in which all objects are cofibrant.
Since the assumption that all objects are cofibrant is very strong, perhaps we should discuss briefly why it is needed. (This assumption was also made in [19, Appendix A] in constructing a model structure on V-Cat.) A key aspect in the theory of (enriched) locally presentable categories is that given a V-category K and a full subcategory G, there is an induced V-functor J : K → [G op , V] sending an object A ∈ K to the presheaf K(J−, A) : G op → V, where J : G → K is the inclusion. If K is cocomplete and G is closed in K under finite colimits, then J will land in the locally finitely presentable category M = Lex(G op , V), and one can now characterize when J : K → M is an equivalence.
In the homotopy context, we want to replace J :
consisting of the fibrant and cofibrant objects. Since the hom-objects of K will be assumed to be fibrant, certainly the values of J are fibrant, but there is no reason in general why they should be cofibrant. To rectify this, we compose J with a cofibrant replacement functor
, but of course this Q should itself be a Vfunctor. It is not hard to use an enriched form of the small object argument to construct such a V-functor Q, provided that there exists a cofibrant replacement V-functor V → V. In an appendix to the paper, we sketch how this enriched small-object argument goes (see also [25, 24.2] ), as well as giving the argument, referred to above, that the existence of such a V-functor Q along with the assumption that the unit I is cofibrant implies that all objects are cofibrant.
Although our assumptions on V are strong, there are nonetheless quite a few examples. Of course the classical example is SSet. Another key example is Cat, with the natural/categorical model structure. If R is a Frobenius ring which is also a finite dimensional Hopf algebra over a field, then the category of R-modules with the stable model structure is an example. Another example is the category of chain complexes of comodules over a commutative Hopf algebra defined over a field, equipped with the projective model structure. All of these are described in [11] .
Another example, closely related to Cat is the cartesian closed model category Gpd of small groupoids. The locally finitely presentable category of non-negatively graded chain complexes over a field also has a cofibrantly generated model structure in which all objects are cofibrant: a straightforward modification of the proof of [11, Proposition 4.2.13] shows that this is a monoidal model category under the usual tensor product. Another source of examples is provided by Cisinski model categories [8] : these are model structures on a topos, in which the cofibrations are the monomorphisms and so in particular all objects are cofibrant. Toposes are cartesian closed, and a Cisinski model category will often be a monoidal model category with respect to the cartesian monoidal structure. (The compatibility condition between monoidal structure and cofibrations always holds.)
The structure of the paper is as follows. In Section 2 we study homotopy equivalences in V-categories, and in Section 3 we study homotopy orthogonality. Then in Section 4 we study homotopy limits and colimits, before turning to homotopy orthogonality classes in Section 5. Finally in Section 6 we give our main results concerning homotopy locally presentable enriched categories.
Homotopy equivalences
Given a monoidal model category V, we have a monoidal structure on Ho V, for which the canonical functor P : V → Ho V is strong monoidal. Since the hom-functor Ho V(I, −) : Ho V → Set is also monoidal, so is the composite U : V → Set. On the other hand, there is also the monoidal functor V(I, −) : V → Set, and P induces a monoidal natural transformation p : V(I, −) → U whose component at X ∈ V is the function p : V(I, X) → Ho V(I, X) given by applying P .
The following definition is taken from [19, A.3.2.9 ], although we have been more explicit about the role of p : V(I, −) → U. Definition 2.1. Let V be a monoidal model category and K a Vcategory. The homotopy category ho K of K has the same objects as K, and ho K(A, B) = U(K (A, B) ). There is an induced functor p * from the underlying ordinary category K 0 of K to ho K, sending a morphism f : I → K(A, B) to p(f ).
A morphism f : A → B in a V-category K is called a homotopy equivalence if its image in ho K is invertible. Remark 2.2. For a model V-category M, we now have the standard homotopy category Ho M of the underlying ordinary category M 0 of M, and the homotopy category ho M defined using the enrichment, and these need not agree. But if Int M is the full subcategory of M consisting of the fibrant and cofibrant objects, then ho(Int M) is equivalent to Ho(M).
Since the passage from K to ho K is functorial, a V-functor K → L sends homotopy equivalences to homotopy equivalences.
Remark 2.4. These are also called locally fibrant [19, A.3.2.9] , following the usage that an enriched category is "locally P " if its hom-objects are P . The name fibrant was also used in [22] in the case V = SSet, and is justified by the fact that, in those cases where a model structure on V-Cat has been defined, the fibrant objects are precisely the fibrant V-categories in our sense. 
Proof. Clearly (i) implies all the other conditions, since representable functors send homotopy equivalences in K or K op to homotopy equivalences in V, and homotopy equivalences in V are weak equivalences. Even more clearly (ii) implies (iv) and (iii) implies (v). If we can prove that (iv) implies (i), then dually (v) will imply (i), and so all conditions will be equivalent.
Suppose then that K(C, f ) is a weak equivalence for C equal to A or B. Let C be the full subcategory of K with objects A and B, and consider the projective model structure on [
with JJ equal to the Yoneda functor Y . Now J f : JA → JB is a weak equivalence in [C op , V] by assumption, but its domain and codomain are the representables C(−, A) and C(−, B) which are fibrant and cofibrant, thus Jf is in fact a homotopy equivalence. But that means Y f is a homotopy equivalence, whence f is a homotopy equivalence in C, and so also in K.
Homotopy orthogonality
Definition 3.1. Let V be a monoidal model category, K a V-category, and f :
In the terminology of [18] , such a K would be called f -injective over the weak equivalences. K is homotopy orthogonal to a class F of morphisms if it is homotopy orthogonal to each f ∈ F . The class of all objects homotopy orthogonal to F is denoted by F -Inj. Small homotopy orthogonality classes are defined as classes F -Inj where F is a set. Without this limitation, we speak about homotopy orthogonality classes.
Homotopy reflective full subcategories coincide with weakly reflective subcategories with respect to weak equivalences in the sense of [18] .
A locally presentable model category M is called tractable [2] if both cofibrations and trivial cofibrations are cofibrantly generated by a set of morphisms between cofibrant objects. Of course, every tractable model category is combinatorial. Proof. Let F be a set of morphisms in Int M. Since weak equivalences in Int M are homotopy equivalences in the sense of Definition 2.1, we can use Lemma 3.3 and assume that F consists of cofibrations in Int M. An object K in Int M is F -injective if and only if it is F -local; that is, if and only if it is fibrant in the F -localized V-model category structure on M (see [2] ). Thus homotopy reflections η K : K → K * are given by fibrant replacements in this model category.
Remark 3.6. Let V be a tractable monoidal model category and M a left proper tractable model V-category. A consequence of the relationship between small homotopy orthogonality classes in Int M and enriched left Bousfield localizations in M used in the proof above is that each small homotopy orthogonality class F -Inj in Int M is Int N for some combinatorial model V-category N ; in particular, we could take N to be the F -localized model V-category.
Let M be a cofibrantly generated model V-category. If X ∈ V and A ∈ M, we can form the copower X · A ∈ M, which is defined by the universal property M(X · A, B) ∼ = V(X, M(A, B)). If i : X → Y is a generating cofibration in M, and f : A → B is a morphism in M, we can form the pushout P i,f as in the diagram below, and the induced map i ⊡ f :
Such a map i ⊡ f is called an f -horn, and if F is a class of morphisms then we denote by Hor(F ) the class of f -horns, for all f ∈ F . Part of the definition of model V-category is that if f is a cofibration or trivial cofibration, then so is each f -horn.
Recall that Int M denotes the full subcategory of M consisting or those objects which are both fibrant and cofibrant.
is homotopy orthogonal to F if and only if it is injective in
Proof. Since each f is a cofibration, each Int M(f, K) is a fibration. Thus K will be homotopy orthogonal to the f if and only if each Int M(f, K) is a trivial fibration; in other words, each Int M(f, K) has the right lifting property with respect to each generating cofibration i : X → Y . But this is equivalent to K being injective in M 0 with respect to the F -horns.
Homotopy weighted colimits
Recall that, given a
If V is a monoidal model category satisfying the monoid axiom, the 
, and u : G * D → B, we must find a lifting of u through p. To give u is equally to give
, and to find a lifting of u is equivalent to finding a lifting of
. Since G is cofibrant, this will be possible provided that 
whose components are weak equivalences.
By Yoneda, the natural transformation β in the definition of homotopy colimit corresponds to a cocone δ :
. We now group together a list of facts about the existence and uniqueness of homotopy colimits. ( 
Since α is a weak equivalence between cofibrant objects and
) are weak equivalences. Let
are weak equivalences, this natural transformation makes G * h D a homotopy colimit using G 2 .
(2) Follows from (1). (3) Let K 1 and K 2 be homotopy colimits of D weighted by G. Let J : X → K be a small full subcategory of K containing K 1 , K 2 , and the image of D. The induced morphisms
are pointwise weak equivalences in [X , V], so X (K 1 , −) and X (K 2 , −) are weakly equivalent in [X , V], but they are also cofibrant and fibrant objects, so they are homotopy equivalent; K 1 and K 2 are homotopy equivalent in X , and so also in K. This proves that any two choices of homotopy colimit are homotopy equivalent. Similarly, any object homotopy equivalent to a homotopy colimit can itself be used as a homotopy colimit.
Moreover, let k :
is a weak equivalence and thus X (k, −) is a weak equivalence. Since it is a morphism in Int[X , V], it is a homotopy equivalence. Thus k is a homotopy equivalence. (4) The weak equivalence ϕ : G → H may be lifted to a weak equivalence ϕ c :
) is a weak equivalence. Thus if H * h D exists then we have pointwise weak equivalences
and so H * h D also serves as a homotopy colimit G * h D.
The converse is more delicate. We need to show that G * h D will serve as H * h D; since homotopy colimits are calculated via cofibrant replacements of the weights, and by (1) above they are independent of the particular cofibrant replacement chosen, it will suffice to consider the case where G and H are cofibrant. Form the coproduct G + H and the map G + H → H induced by ϕ and 1 H , and factorize it as a cofibration α : G + H → K followed by a trivial fibration τ : K → H. Restricting α to G and H, we obtain a factorization ϕ = τ ρ of ϕ as a trivial cofibration ρ : G → K followed by a trivial fibration τ : K → H, as well as a section σ : H → K of τ which is a trivial cofibration. By the first part of the proof and the existence of σ, we know that if K * h D exists it will also serve as H * h D. Thus it will suffice to show that if G * h D exists, then it will serve as K * h D. Suppose then that
is a trivial fibration. But this was true for all A ∈ K, and so now in the diagram
the vertical arrow is a trivial fibration and K(G * h D, −) is cofibrant, and so there exists a lift, displayed in the diagram as a dotted arrow, and this will be a pointwise weak equivalence since the other two morphism are so. (5) If ψ : D → E is a pointwise homotopy equivalence, then
is a weak equivalence in [D op , V] between fibrant objects, and so
is a weak equivalence in V between fibrant objects, for any A ∈ K.
Thus if the homotopy colimit G * h E exists, then we have a composite pointwise weak equivalence
and
Once again, the converse is more delicate. We may regard the object
, and now write F E for the corresponding V-functor K ⊗ D op → V. Similarly, we write F D for the analogous V-functor defined using D rather than E. Now ψ induces a map F ψ :
, which is a weak equivalence between fibrant objects (in the projective model structure). Factorize F ψ as a trivial cofibration ρ followed by a trivial fibration τ . Since ρ is a trivial cofibration between fibrant objects, it has a retraction σ.
Suppose now that G * h D exists, so that there is a pointwise weak equivalence β :
is cofibrant and τ is a trivial fibration, there is a lifting β ′ with τ β ′ = β which is still a weak equivalence, and so σβ ′ : K(G * h D, −) → F E is also a weak equivalence, and G * h D may serve as G * h E.
Dually, given a fibrant V-category K, the homotopy limit {G,
All that was said about homotopy colimits applies to homotopy limits. In particular, the natural transformation β corresponds to a cone 
and so if M(j, A) is a weak equivalence for all A ∈ Int M, then the replacement R f (G * D) will be the desired homotopy colimit G * h D in Int M. But j is a trivial cofibration and A is fibrant, so M(j, A) is a trivial fibration, and so in particular a weak equivalence. II. Turning to limits, everything is a formal consequence, but we shall write out the proof again. Suppose then that G : D → V is cofibrant, and that D : D → Int M. To show that the weighted limit {G, D} in M is fibrant, let j : A → B be a trivial cofibration in M. We must show that any morphism f : A → {G, D} extends along j. Take a cofibrant replacement q : R c {G, D} → {G, D} via a trivial fibration q. We will now show that R c {G, D} is the homotopy limit {G, D} h in Int M. We have natural transformations
and so we need only show that M(A, q) is a weak equivalence for every A ∈ Int M. But A is cofibrant and q is a trivial fibration, so M(A, q) is a trivial fibration since M is a model V-category.
Notice that the pointwise weak equivalences in the definition of homotopy colimits and limits are actually pointwise trivial fibrations, for the homotopy colimits and limits constructed in the proof.
If Thus we have G = colim s G s where G is the cofibrant replacement of ∆I, and so is the weight for hocolim D, while G s is the cofibrant replacement of ∆I s , and so is the weight for hocolim D s . We may now deduce isomorphisms
Since M is λ-combinatorial, fibrant objects in M are closed under λ-filtered colimits in M 0 ; thus colim hocolim D s is fibrant and therefore is the homotopy colimit hocolim D. Moreover, the comparison morphism q : G * D → colim D is a colimit of comparison morphisms q s : G s * D s → colim D s . Since weak equivalences in presheaf categories are closed under λ-filtered colimits (see [9] , or [23] ), it follows from part I of the proof that q is a weak equivalence. Remark 4.6. For V = Cat, cofibrant weights are precisely flexible weights: see [15] . Since colimits weighted by flexible weights are bicolimits (see [6] and [16] ), a consequence of Theorem 4.5 is that filtered colimits in Cat are bicolimits: see [20, 5.4.9] . We are indebted to J. Bourke for this observation (see [7] as well).
This relies on the fact that in Cat every weak equivalence is an equivalence. For a general combinatorial model 2-category this need not be the case, and so filtered colimits need not be bicolimits; indeed it need not even be the case in a presheaf 2-category. 
We now want to show that representable functors preserve homotopy limits, as well as considering the extent to which they preserve homotopy colimits. Usually, a representable functor has codomain V, but we are only considering homotopy limits or colimits in fibrant Vcategories, and V need not be fibrant. If K is a fibrant V-category, then the representable K(K, −) will take values in the full subcategory of fibrant objects in V, but in general this subcategory need not be fibrant. If, however, we suppose that all objects of V are cofibrant, then the full subcategory of fibrant objects is Int V, and this finally is a fibrant V-category. 
Proof. Consider a cofibrant weight
exhibiting L as the homotopy limit {G, D} h , and the corresponding natural transformation
whose components are weak equivalences. We have to show that the composite δ ′ given by
is a weighted limit cone; in other words that the corresponding natural transformation
is a pointwise weak equivalence. The components D) ) of β are weak equivalences between fibrant objects, and so
is also a weak equivalence for each X ∈ V. But the composite of the weak equivalence V(X, β K ) with the canonical isomorphism
is the X-component β Proof. It suffices to show that objects homotopy orthogonal to a single morphism f : A → B are closed under existing weighted homotopy limits. Let D : D → K be a diagram with each Dd homotopy orthogonal to f , let G : D → V be a cofibrant weight, and suppose that the homotopy limit {G, D} h exists in K. Then we have a commutative diagram
in which the vertical maps are weak equivalences, by definition of the homotopy limits. Now G is cofibrant, and K(f, D) is a (pointwise) weak equivalence between fibrant objects, so 
which are λ-presentable in M and belong to Int M. We now explain why this is the case. In fact by [9] (or [23] ) there is a regular cardinal λ such that M is locally λ-presentable, M fib is λ-accessible, and its inclusion to M preserves λ-filtered colimits and λ-presentable objects; and, moreover, the cofibrant replacement functor R c : M → M preserves λ-filtered colimits and λ-presentable objects. Now, consider X in Int M and take its cofibrant replacement γ X : R c X → X. Such an X is a λ-filtered colimit (δ d : Dd → X) d∈D of λ-presentable objects Dd ∈ M and belonging to M fib , and now R c X is a λ-filtered colimit (R c δ d : R c Dd → R c X) d∈D of λ-presentable objects R c Dd ∈ M belonging to Int M. Since X is cofibrant, it is a retract of R c X. By the proof of [20, 2.3.11] , X is a λ-filtered colimit of objects R c Dd.
If the object K ∈ Int M is λ-presentable in M, then any morphism f : K → X factorizes through some δ d . Now X is a canonical λ-filtered colimit in M for the diagram consisting of all f : K → X where K ∈ Int M is λ-presentable in M. But we do not know that the objects K d are λ-presentable in Int M because we do not know that the inclusion of Int M in M preserves λ-filtered colimits.
Definition 5.4. Let K be a full subcategory of a category M. We say that a full subcategory A of K is M-accessibly embedded in K when there exists a regular cardinal λ such that A is closed in K under all λ-filtered colimits which exist in K and are preserved by the inclusion into M. In this case, we say that K is (M, λ)-accessibly embedded in K. Proof. Let A be a small homotopy orthogonality class in Int M. Then A is homotopy reflective by Theorem 3.5 and homotopy replete by Lemma 3.2. Moreover by Proposition 3.7 there is a set G of morphisms in M such that A consists of those objects of Int M which are injective in M 0 with respect to G. It follows that A is M-accessibly embedded in Int M.
Conversely, assume that A is M-accessibly embedded, homotopy reflective, and homotopy replete. We shall show that A = H-Inj where H consists of all homotopy reflections
are weak equivalences, and so by Proposition 2.6, also η K is a homotopy equivalence. Since A is homotopy replete, K belongs to A. This proves that A = H-Inj.
For each K ∈ Int M, factorize η K as
where g K is a cofibration and h K a trivial fibration. Now let H consist of the morphisms g K : K → K (still with K ∈ Int M). By Lemma 3.3, H-Inj = H-Inj. There is a regular cardinal λ having the property from Remark 5.3 and such that A 0 is (M, λ)-accessibly embedded in (Int M) 0 . Let F consist of all those cofibrations g K for which K is λ-presentable. We have A ⊆ F -Inj. Since F is a set, it suffices to prove the converse inclusion. Assume that X ∈ Int M belongs to F -Inj and consider f :
is a trivial fibration and I is cofibrant, for each morphism u :
Since K is a λ-filtered colimit of λ-presentable objects belonging to A, there is a factorization
Since u = vts, X is a λ-filtered colimit of objects from A and thus belongs to A.
Remark 5.6. In the situation of Theorem 5.5, let A be a small homotopy orthogonality class in Int M. By Remark 5.3, there is a regular cardinal λ such that each object X in A is a canonical λ-filtered colimit in M of objects belonging to Int M and λ-presentable in M. We can assume that the (cofibration, trivial fibration) factorization in M preserves λ-filtered colimits and λ-presentable objects. Then each morphism f : K → X with K in Int M and λ-presentable in M factorizes as
where g is a cofibration, h is a trivial fibration, and K is λ-presentable in M. Since A is homotopy replete, K belongs to A; thus X is a canonical λ-filtered colimit in M of objects belonging to A and λ-presentable in M. Proof. The necessity follows from Theorem 5.5 and Corollary 5.7. Since homotopy colimits in Int M are determined up to homotopy equivalence, a homotopy accessible subcategory of Int M is homotopy replete. Moreover, it is M-accessibly embedded, thus the sufficiency follows from Theorem 5.5.
Homotopy locally presentable categories
Definition 6.1. An object K of a locally cofibrant and fibrant Vcategory K is called homotopy λ-presentable when K(K, −) : K → Int V preserves homotopy λ-filtered colimits.
Remark 6.2.
(1) Let V be locally λ-presentable as a closed category and D an ordinary λ-small category, in the sense that D has fewer than λ morphisms. Since I is λ-presentable, V 0 (I, −) : V 0 → Set preserves λ-filtered colimits, and thus its left adjoint preserves λ-presentable objects. Hence every hom-object
Therefore the weight ∆I : D → V is λ-small in the sense that (i) D has fewer than λ objects, (ii) all objects D(d, e) are λ-presentable and (iii) all objects ∆Id are λ-presentable.
(2) If a V-category X satisfies conditions (i) and (ii) above, then a weight G : X → V will be λ-presentable in [X , V] if and only if Gx is λ-presentable in V for all x ∈ X .
To see this, first suppose that G : X → V is λ-presentable. Then it is a λ-small colimit of representables. Since the evaluation functors are cocontinuous, Gx is a λ-small colimit of hom-objects X (y, x); but these are all λ-presentable in V, hence so too is Gx. Suppose conversely that each Gx is λ-presentable, and consider a V-natural transformation α : G → colim H i to a λ-filtered colimit. Then its component
factorizes as β x : Gx → H j x through some H j x. Since X has fewer than λ objects, j can be chosen uniformly for all x ∈ X . Moreover, since X has λ-presentable hom-objects and V(Gx, colim H i x) ∼ = colim V(Gx, H i x), we can assume that all squares
(3) If V is λ-combinatorial, all presheaf categories [X , V] are λ-combinatorial and thus their (cofibration, trivial fibration) factorizations preserve λ-filtered colimits, but these factorizations need not preserve λ-presentability, and in particular the cofibrant replacement of a λ-presentable object need not be λ-presentable. By the uniformization theorem [20, 1] , however, for each X there is a regular cardinal λ X such that V is λ X -combinatorial and cofibrant replacements on [X , V] preserve λ X -presentable objects. Thus there is a regular cardinal µ such that V is µ-combinatorial and cofibrant replacements on all [X , V] with X satisfying (i) and (ii) above preserve µ-presentable objects. Thus cofibrant replacements of µ-small weights are µ-small. Remark 6.5. This terminology goes back to [22] where the case V = SSet and λ = ℵ 0 is considered. In that case, not all finite categories are genuinely finite, but all ℵ 1 -small categories are genuinely ℵ 1 -small. In general, for any λ-combinatorial V, there is by Remark 6.2(3) a regular cardinal µ such that each µ-small category D is genuinely µ-small; for V = SSet we may take µ = ℵ 1 . Proposition 6.6. Let V be a λ-combinatorial monoidal model category in which all objects are cofibrant. Then λ-filtered homotopy colimits commute in Int V with genuinely λ-small homotopy limits.
Since λ-filtered colimits commute in V with λ-small weighted limits, we have the isomorphism
By the same reason as above, the comparison morphism
is a pointwise homotopy equivalence, and now since G is cofibrant
is a homotopy equivalence. Thus we get a homotopy equivalence
such that the following square commutes
Proposition 6.7. Let V be a λ-combinatorial monoidal model category in which all objects are cofibrant, and let K be a homotopy locally λ-presentable V-category. Then a genuinely λ-small homotopy colimit of homotopy λ-presentable objects in K is homotopy λ-presentable.
Proof. Let J : J → K be a genuinely λ-small diagram with homotopy λ-presentable values. We have to prove that hocolim J is homotopy λ-presentable. Let I : I → K be a λ-filtered diagram. We have to show that the morphism l : hocolim
from Remark 4.8 is a homotopy equivalence. Consider the composite l 1 l where
is the morphism from the dual of Remark 4.8 (i.e., for limits). This composite can be also expressed as holim
where
is from Remark 4.8,
is from the dual of Remark 4.8, and q is from the proof of Proposition 6.6. In fact, both composites are identified by the isomorphism
(see Theorem 4.5). Since l 1 , l 2 , and l 3 are homotopy equivalences, l is also a homotopy equivalence.
Remark 6.8. In the proof of Proposition 6.7, we proved a stronger result: λ-filtered homotopy colimits commute with λ-small weighted homotopy limits in Int V. Consequently, in Proposition 6.7, a λ-small weighted homotopy colimit of homotopy λ-presentable objects is homotopy λ-presentable.
Definition 6.9. Let V be a monoidal model category having all objects cofibrant. Then a fibrant V-category K will be called homotopy locally λ-presentable provided that it has weighted homotopy colimits and has a set A of homotopy λ-presentable objects such that every object of K is a homotopy λ-filtered colimit of objects from A. K is called homotopy locally presentable when it is homotopy locally λ-presentable for some regular cardinal λ. Proof. We know that Int M has weighted homotopy colimits. By Remark 5.3, there is a regular cardinal λ such that each object in Int M is a λ-filtered colimit of objects from Int M which are λ-presentable in M. Moreover, M is λ-combinatorial. Thus λ-filtered colimits are weakly equivalent to homotopy λ-filtered colimits: see Theorem 4.4. Since the same is true in V, objects from Int M which are λ-presentable in M are homotopy λ-presentable in Int M. D) is the value at G of a homotopy left adjoint to the V-functor
This proves that K has weighted homotopy colimits. By Remark 5.6 (1), there is a regular cardinal λ such that M is λ-combinatorial and each object X in K is a λ-filtered colimit in M of objects from K which are λ-presentable in M. Hence the same argument as in the proof of Proposition 6.10 yields that K is homotopy locally λ-presentable.
Recall that a V-functor H : K → L is called a Dwyer-Kan equivalence or just a weak equivalence if (1) it is locally a weak equivalence, in the sense that the induced morphisms hom(
) are weak equivalences for all objects K 1 and K 2 of K and (2) it is homotopically surjective on objects, in the sense that each object L of L is homotopy equivalent to H(K) for some object K of K. For well-behaved V, these Dwyer-Kan equivalences are the weak equivalences for a model structure on the category of small V-categories: see [3, 19, 21] . Proof. I. Let K be a homotopy locally λ-presentable category, let A be the set from Definition 6.9, let A be its closure under λ-small weighted homotopy colimits, and finally let J : A → K be the inclusion. By Remark 6.8, each object from A is homotopy λ-presentable in K. Let
be the V-functor sending an object K ∈ K to K(J−, K). Since K is fibrant, E has fibrant values. Let K be an object of K and express it as a homotopy λ-filtered colimit of a diagram D : D → A. Then, for each A in A we have
thus E(K) is weakly equivalent to hocolim ED. Let
be a cofibrant replacement V-functor (see the Appendix). Since E has fibrant values, the same is true for R c E and we get a V-functor
Now we have a chain of weak equivalences hocolim ED ≃ E(K) ≃ R c E(K), with the first and last in Int M, and so hocolim ED is homotopy equivalent to R c E(K). of homotopy equivalences, and so K = G * h D. Thus K has weighted homotopy colimits. Clearly, an object K in K is homotopy λ-presentable in K provided HK is homotopy λ-presentable in Int M. Since Int M is homotopy locally λ-presentable we can choose a set of homotopy λ-presentable objects M i ∈ Int M such that every object of Int M is a homotopy λ-filtered colimit of the M i . But now each M i ≃ HK i for some K i ∈ K, and so the K i are homotopy λ-presentable in K. For any K ∈ K we can write HK as a λ-filtered homotopy colimit of the M i , and so write K as a λ-filtered homotopy colimit of the K i .
Remark 6.14.
(1) The proof above shows that a fibrant V-category K is homotopy locally presentable if and only if it admits a weak equivalence into a category of models of a λ-small weighted homotopy limit sketch.
(2) Using [26] , we can replace the existence of weighted homotopy colimits in the definition of homotopy locally presentable V-category by the existence of homotopy colimits and homotopy copowers.
(3) We have generalized results given in [22] from SSet to any monoidal model category V having all objects cofibrant. The paper [22] contained a stronger formulation of 6.13 which asserted that each fibrant simplicial category weakly equivalent to Int M, where M is a combinatorial simplicial model category, is homotopy locally presentable. In this case we have seen that the existence of a weak equivalence K → Int M implies that K is homotopy locally presentable, but we do not know whether the existence of a weak equivalence Int M → K implies the same conclusion. 
